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Abstract
In four dimensions, the Minkowski metric ημν=diag(+1,-1,-1,-1) leads to the 16-dimensional Clifford algebra C(1,3), Dirac's equa-
tion [1] is using four of these 16 matrices that form a basis of this algebra, a new operator is defined using all of these matrices 
and also generalized for a curved space. This new multilevel operator generalizes the Dirac's equation, the value of the general-
ized Dirac's operator is calculated in the Schwarzschild's metric. The torsion tensor is calculated taking into account the non-
symmetric part of the metric tensor in the vanishing of its covariant derivative and applied to Kerr's metric generalizing the Clif-
ford algebra. Geodesic equation, conservation laws, torsion tensor and Einstein field equation are obtained in a non-symmetric 
geometry.
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Introduction
Dirac's equation is the relativistic wave equation derived by 
physicist Paul Dirac in 1928. The wave functions in the Di-
rac theory are vectors of four complex components (known 
as bispinors), two of which resemble the Pauli wavefunction 
in the non-relativistic limit, in contrast to the Schrodinger 
equation which described wave functions of only one com-
plex component.
Dirac's operator is just the tip of the iceberg, the tip of a 
generalized operator that is obtained by operating on all 
members of the Clifford algebra basis and not just on four 
of them. 
The Schwarzschild's metric is named in honour of Karl 
Schwarzschild, who found the exact solution in 1915 and 
published it in January 1916, a little more than a month af-
ter the publication of Einstein's theory of general relativity. 
It was the first exact solution of the Einstein field equations 
other than the trivial at space solution. Schwarzschild died 
shortly after his paper was published, as a result of a dis-
ease he developed while serving in the German army during 
World War I. Johannes Droste in 1916 independently pro-
duced the same solution as Schwarzschild.
Schwarzschild's metric is an exact solution to the Einstein's 
field equations that describes the gravitational field outside 
a spherical mass, on the assumption that the electric charge 
of the mass, angular momentum of the mass, and universal 
cosmological constant is all zero.
The new generalized Dirac's operator, the multilevel op-

erator, is calculated in the Schwarzschild's metric, torsion 
tensor and new gravitomagnetic tensor appear in level 2, 
curvature tensor appears in levels 3 and 4.
The Kerr's metric is a generalization to a rotating body of 
the Schwarzschild's metric. The Einstein field equation re-
lates the geometry of spacetime to the distribution of mat-
ter within it. The equations were published by Einstein in 
1915 in the form of a tensor equation which related the lo-
cal spacetime curvature with the local energy, momentum 
and stress within that spacetime expressed by the stress-
energy tensor.
Multilevel operator Dmul
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In four dimensions, Minkowski’s metric ηµν = diag(+1,−1,−1,−1) leads to the
Clifford algebra C(1,3) [2], {γµ, γν} = 2ηµν × I4×4, Dirac matrices γ0 = σ3 ⊗ I,
γj = iσ2 ⊗ σj , j = 1, 2, 3; γp = −iγ14 = −iγ0γ1γ2γ3

γ4 = γ0γ1, γ5 = γ0γ2, γ6 = γ0γ3, γ7 = γ1γ2, γ8 = γ1γ3, γ9 = γ2γ3

γ10 = γ0γ1γ2,γ11 = γ0γ1γ3,γ12 = γ0γ2γ3,γ13 = γ1γ2γ3,γ14 = γ0γ1γ2γ3

(2)

Multilevel operator Dn acts on level n, n is the number of γ matrices in the
product of the algebra members, for example, D3 acts on γ10,γ11,γ12 and γ13.
Total multilevel operator Dmul = D0 +D1 +D2 +D3 +D4, the action of Dmul

on the spinor function vanishes DmulΨ = 0

(3)

D0 = −m

(4)

D1 = γµpµ − ieγµAµ

(5)

D2 = −ieγµγνFµν with Fµν = Aµ,ν −Aν ,µ

(6)

D2 = −ieαE + eΣH

(7)
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D3 = −ieγµγνγδFµνδ with Fµνδ = Aµ,ν ,δ −Aµ,δ ,ν = 0

(8)

D4 = −ieγµγνγδγλFµνδλ with Fµνδλ = Aµ,ν ,δ ,λ −Aµ,ν ,λ ,δ = 0

(9)

Multilevel operator Dmul(ηµν , Aµ, e) can be generalized for a curved space with
four-potential P, field charge q and covariant derivative[3] (;µ) instead of deriva-
tive (,µ) in the definition of pµ

Dmul(gµν , Pµ, q)Ψ = 0

(10)

{γµ, γν} = 2gµν × I

(11)

D0 = −m

(12)

D1 = γµpµ − iqγµPµ

(13)

D2 = −iqγµγνGµν with Gµν = Pµ;ν − Pν ;µ

(14)

Gµν(P ) = Pµ;ν − Pν ;µ = Pµ,ν − Pν ,µ + PαT
α
µν

(15)

Gµν(P ) = Fµν(P ) + PαT
α
µν

(16)

D2 = −iqαE(P ) + qΣH(P )− iq 1
2γ

µγνPαT
α
µν

(17)

4
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µν , from equations (16) and (17)

(40)

G12 = −H3(P ) = (−g
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00 )(−r−1)(P1,2 − P2,1)

(41)

G13 = H2(P ) = (−g
1/2
00 )(−r−1sin−1θ)(P1,3 − P3,1)

(42)

G23 = −H1(P ) = (−r−1)(−r−1sin−1θ)(P2,3 − P3,2)

(43)

G03 = −E3(P ) = (g
−1/2
00 )(−r−1sin−1θ)(P0,3 − P3,0)

(44)

G02 = −E2(P ) = (g
−1/2
00 )(−r−1)(P0,2 − P2,0)

(45)

G01 = −E1(P ) = (g
−1/2
00 )(−g

1/2
00 )(P0,1 − P1,0)

(46)

Tα
µν = 0 and Rα

012 = Rα
013 = Rα

023 = Rα
123 = 0

(47)

Energy-momentum form is a 1-form [7]

p = Edt− pxdx− pydy − pzdz
(48)

dp is a 2-form
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G = dp = Exdt ∧ dx+ Eydt ∧ dy + Ezdt ∧ dz −Bxdy ∧ dz −Bydz ∧ dx−Bzdx ∧ dy

(49)

G32 = pz,y − py,z
(50)

G13 = px,z − pz,x
(51)

G21 = py,x − px,y
(52)

Comparing equations (41-43) and (50-52) we can infer

Pα = pα
(53)

D0 is related to the scalar 0-form m, D1 is related to the Energy-momentum
1-form, D2 is related to the Electromagnetic 2-form, D3 is related to *J 3-form
[8]



∗J123
∗J023
∗J013
∗J012


 =




−ρ
j1
−j2
j3




(54)

D4 is related to L 4-form [9]

L = L0123dx
0 ∧ dx1 ∧ dx2 ∧ dx3

(55)

γp = −iγ14 is the proyector matrix, historically γ5, but γ5 = γ0γ2

γp = −iγ0γ1γ2γ3 = (g
−1/2
00 )(−g

1/2
00 )(−r−1)(−r−1sin−1)

(
0 −I
−I 0

)

(56)
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Solving these equations, we get the torsion applying its 
definition [11].

Expanding the line element in powers of r -1 and examining 
the leading terms [12].
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Torsion Tensor in a Rearranged Kerr's Metric
We are using x0=t,x1=r,x2=θ, x3=ϕ M is the black hole's mass 
and a is the angular momentum per unit mass with G = c 
= 1. The invariance of the length of vectors under paral-
lel transport means that the connection is compatible with 
the metric, it is a metric connection, the requirement of the 
preservation of the length by parallel transport may be 
stated as [10].

Torsion tensor in a rearranged Kerr’s metric

We are using x0 = t, x1 = r, x2 = θ, x3 = φ, M is the black hole’s mass
and a is the angular momentum per unit mass with G = c = 1. The invariance
of the length of vectors under parallel transport means that the connection is
compatible with the metric, it is a metric connection, the requirement of the
preservation of the length by parallel transport may be stated as [10]

gµν ;σ = 0

(57)

gµν ;σ = gµν,σ − gανΓ
α
µσ − gµαΓ

α
νσ

(58)

0 = gµν,σ − gναΓ
α
µσ − tανΓ

α
µσ − gµαΓ

α
νσ , with tµν = gµν − gνµ

(59)

0 = gµν,σ − gναΓ
α
µσ − tανΓ

α
µσ − gµαΓ
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Geodesic Equation and Torsion Tensor
A geodesic that is not a null geodesic has the property that 
∫ ds, taken along a section of the track with the end points 
P and Q, is stationary if one makes a small variation of the 
track keeping the end points fixed. If dxμ denotes an ele-
ment along the track [13].

Geodesic equation and torsion tensor

A geodesic that is not a null geodesic has the property that
∫
ds, taken along

a section of the track with the end points P and Q, is stationary if one makes
a small variation of the track keeping the end points fixed. If dxµ denotes an
element along the track [13]

ds2 = gµνdx
µdxν

(92)

2dsδ(ds) = dxµdxνδ(gµν) + gµνδ(dx
µ)dxν + gµνdx

µδ(dxν)

(93)

2dsδ(ds) = dxµdxνgµν ,λ δ(x
λ) + 2gµλdx

µδ(dxλ)

(94)

δ(dxλ) = dδ(xλ) and dxµ = vµds

(95)

∫
δ(ds) =

∫
[ 12gµν ,λ v

µvνδxλ + gµλv
µ dδxλ

ds ]ds

(96)

By partial integration with δxλ = 0 at end points P and Q, we get

δ
∫
ds =

∫
[ 12gµν ,λ v

µvν − d
ds (gµλv

µ)]δxλds

(97)

The condition for this to vanish with arbitrary δxλ is

d
ds (gµλv

µ)− 1
2gµν ,λ v

µvν = 0

(98)

d
ds (gµλv

µ) = gµλ
dvµ

ds + gµλ,ν v
µvν

(99)
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Equation (112) becomes

The vector Aμ has the covariant divergence

If the left-hand side of equation (119) equals zero then the 
right-hand side gives us the first conservation law.

If the left-hand side of equation (122) equals zero then the 
right-hand side gives us the second conservation law.

Adding equations (124), (125) and (126)

From the definition of the curvature tensor 

is called the Ricci tensor
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Fµν
;ν = Fµν

,ν − Tµ
ρνF

ρν + ((
√
−g)−1√−g,ρ − tρ)F

µρ

(121)

(Fµν
;ν + Tµ

ρνF
ρν + tρF

µρ)
√
−g = (Fµν√−g),ν

(122)

If the left-hand side of equation (122) equals zero then the right-hand side gives
us the second conservation law.

For the antisymmetric tensor Fµν = Aµ;ν −Aν ;µ

Fµν = Aµ,ν −Aν ,µ + Tα
µνAα

(123)

Fµν ;σ = Fµν ,σ − Γα
µσFαν − Γα

νσFµα

(124)

Fνσ ;µ = Fνσ ,µ − Γα
νµFασ − Γα

σµFνα

(125)

Fσµ ;ν = Fσµ,ν − Γα
σνFαµ − Γα

µνFσα

(126)

Adding equations (124), (125) and (126)

Fµν ;σ + Fνσ ;µ + Fσµ ;ν = Tα
µνFσα + (Tα

µνAα),σ + Tα
νσFµα + (Tα

νσAα),µ + Tα
σµFνα + (Tα

σµAα),ν

(127)

From the definition of the curvature tensor Rβ
νρσ

Rβ
νρσ = Γβ

νσ,ρ − Γβ
νρ,σ + Γα

νσΓ
β
αρ − Γα

νρΓ
β
ασ

(128)

Rµ
νµρ is called the Ricci tensor

19
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From the definition of the curvature tensor Rβ
νρσ

Rβ
νρσ = Γβ

νσ,ρ − Γβ
νρ,σ + Γα

νσΓ
β
αρ − Γα

νρΓ
β
ασ

(128)

Rµ
νµρ is called the Ricci tensor
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Rµν = −Γα
µα,ν + Γα

µν,α − Γα
µβΓ

β
αν + Γα

µνΓ
β
αβ

(129)

Now Rµν is not symmetric, 2Aµν = Rµν −Rνµ is the antisymmetric part and
Rµν = Aµν + Sµν where Sµν is the symmetric part in the Einstein’s equation
[14].

Sµν − 1
2gµνS = κTµν

(130)

2Aµν = −((
√
−g)−1√−g,µ − tµ),ν + ((

√
−g)−1√−g,ν − tν),µ − Tα

µν,α − Tα
µν((

√
−g)−1√−g,α − tα)

(131)

2Aµν = tµ,ν − tν ,µ − Tα
µν,α − Tα

µν((
√
−g)−1√−g,α − tα)

(132)

Rµν −Aµν − 1
2gµν(R−A) = κTµν

(133)

Rµν −Aµν − 1
2gµνR = κTµν

(134)
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20

Now Rμv is not symmetric, 2Aμv = Rμv - Rvμ is the antisymmet-
ric part and Rμv = Aμv + Sμv where Sμv is the symmetric part in 
the Einstein's equation [14].

Conclusions
Multilevel operator Dmul (gμν,Pμ,q) has be generalized for a 
curved space with a general four-potential P. For gravity 
Gμν (P) is the new gravitomagnetic tensor and torsion ten-
sor T ∝

μν  appears in its definition.
In a at space Gμν (A) = Fμν (A), D3 and D4 operators vanish. In 
a curved space the curvature tensor R ∝

μν δ  appears in levels 
3 and 4.
The appearance of torsion tensor T ∝

μν and curvature ten-
sor R ∝

μν δ  in multilevel operator Dmul (gμν,Pμ,q) means that 
this operator is a fundamental operator in Quantum Field 
Theory.
γ 0,γ 1,γ 2,γ 3, have been calculated for Schwarzschild's met-
ric, then Gμν (P), the gravitomagnetic tensor has been ob-
tained.
Each Dn, where n is the number of γ matrices in the product 
of the algebra members, is related to an n-form.
The invariance of the length of vectors under parallel 
transport requires the vanishing of the metric tensor co-
variant derivative, a new term appears in equation (59) 
with tμν=gμν-gνμ measuring the non-symmetric part of the 
metric tensor, solving these equations we get the torsion 

tensor.
Rearranging Kerr's metric we obtained t03 = g03 - g30 , the 
non-symmetric part of the metric tensor, gravitomagnetic 
tensor has also been calculated generalizing the Clifford 
algebra.
Taking into account the tμν=gμν-gνμ in the geodesic equation 
we have obtained the torsion tensor, conservation laws and 
Einstein field equation in a non-symmetric geometry.
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